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A Bond Graph Approach to the Modeling of
General Multibody Dynamic Systems

Whang Cho*
(Received January 23, 1998)

A vector bond approach which effectively leads to a compact form of Hamiltonian bond

graph structure and naturally to Hamilton's equation of motion is proposed for the modeling of

general multibody dynamic system. The methods for determining required bond graph elements

are formulated in terms of kinematic influence coefficients. All moduli of transformers and their

time rate of changes are found by pure vector (matrix) operations for the readiness for computer

simulation of the resulting bond graph.
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1. Introduction

The visualization of the energetic structure of a
dynamic system is very useful in various aspects

of system engineering, e. g., system analysis, syn-

thesis, and control. Since Paynter (1960) first
proposed the bond graph as a unified method of
modeling physical systems in early sixties, bond
graph approach has been known to be a conve-
nient tool for the visualization of the energetic
structure of a dynamic system.

Its applications in various engineering disci-
plines have been exponentially increased as being
reflected in the literature reviewed by Bos and
Breedveld (1985). But the conventional bond
graph method, even with the power of visualizing
energetic structure, does not provide a straight-
forward way of dynamic modeling of a general
multibody dynamic system. This is mainly
because of the fact that as the number of bodies in
a system increases. the detailed dynamic interac-
tion structure of the system becomes quite compli-
cated due to natural existence of many dependent
inertial elements resulting from kinematic con-
straints involved in the system.
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tion, Institute of New Technology., Kwangwoon
University, Seoul, Korea.

Bond-Graph, KIC (Kinematic Influence Coefficient)

Some of the key efforts made 1o resolve this
(1969)
introduced an important concept of power conser-

difficulty are as follows: Karnopp
ving transformation into bond graph and helped
Rosenberg (1972)

toward multiport mechanics. Utilizing general-

to establish a foundation
ized coordinate, Brown (1972) proposed Lagran-
gian bond graph which is directly compatible
with Lagrange’s equation. Given a usual bond
graph, Rosenberg (1977) devised. quite different-
ly from Brown (1972}, a new procedure of causal-
ity assignment which facilitated finding state
equation by using Lagrange’s equation. Later.
Rosenberg (1978) asserted the good aspect of the
graph
dynamic systems, recommended the usage of

bond method in modeling multibody
proper stiffness elements as a way of getting
around the difficulties caused by dependent iner-
tial elements, and incorporated the idea into
Rosenberg and Margohs (1979). Allen and Dub-
(1977)
attempted to model a general multibody system

using bond graph. Allen (1979) rormulated La-

owsky were practically the first who

grange's equdtion from bond graph. and Allen
(1981) also reformulated the dynamics of mecha-
nisms in accelerating  coordinate  frame by
introducing comprehensive notation of velocities.
By tollowing and expanding Allen’s works, Bos
(1985)

(1985) developed a systematic algorithm for the

and Tiernego and Tiernego and Bos
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modeling and simulation of a general intercon-
nected multibody dynamic system.

This paper also
kinematics and dynamics of a general multibody

attempts to  formulate
dynamic system by using bond grapb. The
approach developed here may be considered to be
dual to the one used in Bos and Tiernego (1985)
and Tiernego and Bos (1985) in a sense that in
this paper. rather than using accelerating frame,
all the kinematic formulations are performed in
inertial frame by using the concept of kinematic
coefficient (KI1C),
introduced in dynamic system modeling by Paul
{1975) and Benedict and Tesar (1978a, 1978b).
Extension of the concepts was made in Thomas
(1982), Cho et al. (1989), Cho (1994). and Paul
(1989). Similarly to the concept of the first order
(1985) defined the
concept of the linear and angular partial veloc-

influence which was  first

KIC, Kane and Levinson

ities. In bond graph terminology. the first order
KIC is equivalent to the modulus of a trans-
former.

This paper is organized as follows. In the fol-
lowing section, the kinematics of a general con-
strained multibody system is briefly formuluted in
terms of KIC. Full details can be found in Cho
(1994). In Sec. 3, the hamiltonian bond graph is
developed. and comment

finally concluding

comes tn Sec. 4.
2. Kinematics in Terms of KIC

2.1 Kinematic constraints

Consider a interconnected multibody dynamic
system which contains several closed kinematic
chains as shown in Fig. I Note in Fig. 1 that all
the joints are assumed to be simple' without loss
of generality and numbered by using positive
integers. The set of joint indices used to index all
the simple joints in the system will be denoted by
Joioe. J={j €7 with j=1, -, J} where

VA joirt is called simple if it allows only one degree of

freedom of relative motion. Any compound joint like

ball and socket joint can be modeled by series of

simple joints.
2 in this paper, a bold face letter denotes i vector expres-
sed in column-wise form.

Inertially Fixed Link

Conceptual interconnected multibody sys-

r 0 o)

Fig. 1

tem.

Z* denoote the set of positive integers and J is
the total number of simple joints.

A set of independent holonomic constraints in
terms of proper Lagrangian coordinates ¥e R/
may be expressed in vector form?® as

S W) =0 (H

where 7:(;=1. ---. M) are at least twice differ-
entiable functions w. r. t. (with respect to) ¥.
Assuming the system possesses NV degrees of free-

dom. Eq. (1} may be rewrilten as

g, @) =0 (2)

where ge= 0¥ denotes the (independent) general-
ized coordinate vector selected from ¥ and the
vector g& RY represents any dependent redun-
dant set of coordinates involved in @< K/ such
that /=N + M. The selections of the vectors ¢
and ¢ from Lagrangian coordinate vector ¥ may
be formally described as ¢, = @, with [=1, -+,
N and ¢; = @y, with =1, -, M where two
index functions, p(;) and s(7) are defined as p
(o)l NYes Jand s () S AL My = ]
and their inverse relationships p( ) and s)
are also defined as p(-) 1/ '»‘{l. ~-. N} and
()]l C}
Differentiating Ey. (2) w. r. t. time and solving
for ¢ lead to
i=iGlé (3)
where [ G = "N will be called the first order

internal kinematic 1nfluence coetticient (IKIC)

matrix and s defined as



890 Whang Cho
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where [df/dq] is assumed to be nonsingular
without loss of generality because proper selec-
tion of generalized coordinates ¢ and depen-
dent coordinates ¢ always ensures this condition
due to the independence of the constraints given
in Eq. (1). Note that the first order IKIC matrix
is the power conserving transformation (Karnopp
1969) between ¢ and ¢ with its dual form given

by

7=[G]"z, (6)
where 7 denotes matrix transpose, 7, and rz,
denote the generalized forces (or efforts) associat-
ed with ¢ and g, respectively.

The second order rate relationship between g
and ¢ may be obtained by differentiating Eq. (3)
w. r. t. time as

G=1Glé+ ¢ OHIO$ Q)

where
(=54
@f_

3
5

b—y——/

(8)

L-_l

gL -1ar
| e laallete
e {aqsa fjoa)
o[ 5] Hgl o

As used in Egs. (7) and (9), in this paper the
delimiter { - } denotes a three dimensional tensor
and the operators () and & were introduced as a
generalization of matrix multiplication rule for

QJ&%‘%

~

[
o
2
-G

the expressional compactness and readiness for
programming (refer to Appendix for definitions).
As an example, a typical three dimensional tensor
introduced in Eq. (9) is defined as

where indices £, ;, and ; denote the correspond-
ing plane, row, and column, respectively. The
three dimensional tensor {H}e R™*¥*¥ will be
referred to as the second order 1KIC tensor of the

system. As it will be shown later, the second order
IKIC tensor facilitates evaluation of time rate of
change of moduli of wvarious transformers
contained in the system.

When the system is constrained by an indepen-
dent set of nonholonomic constraints, a similar
formulation is readily possible as shown in Cho

(1994) .

2.2 The first order kinematics

Introducing the popular concept of virtual cut,
an interconnected multibody system can be made
topologically equivalent to a kinematic tree
(Huston and Passerello (1979)). Using the
kinematic tree, link indices are assigned as fol-
lows: First, the index 0 is assigned to an inertially
fixed link. Then, the indices of the remaining
links can be assigned in such way that they take
the same indices as those of joints which initially
meet the links along the path defined from link 0
to links of interest. It is important, in this process
of assigning link indices, to note that the imagi-
nary massless links arising from modeling com-
pound joints by a series of simple ones should
also be assigned proper link indices.

For easy references two additional sets of in-
dices are defined as follows; the set of link indices
V={v;: v;€Z with ;=1, -, y} where Z
denotes the set of nonnegative integers and 1/ is
the number of links, including imaginary massless
links, involved in kinematic tree and the set of
body indices W={w, : w,Z with j=1, ---, 1w}
where ¥/ is the number of physically existing
bodies with finite mass contents. Notice that I/ <
V<juio}

The basic convention for setting up local coor-
dinate frames at link ; is assumed as follows:
x;,~and y;-axis is defined fixed on link 7, col-
linear with the axis of rotation or direction of
sliding depending on whether the joint ; is
revolute or prismatic, and x;-and y,~axis fixed in
the link are properly selected to lie in the plane
perpendicular to z;-axis such that usual right
-hand rule is satisfied. From now on, all the
vectors which appear in equations will be
assumed to be expressed w. r. t. the inertial coor-
dinate frame fixed in body 0.
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22.1 The first order KIC for angular motion
Collecting relative rotational motions between
two neighboring links can be collected along
appropriate kinematic tree by using the associated
connect:on map, the absolute angular velocity of
the link % can be expressed in a matrix form as

wi=[ G ¢ (11
Fle R¥*¥, the first
order (external) rotational KIC matrices associat-

ed with the link £, is given by the weighted linear
combination of z; as

[GF].

where ¢; equals 1 if joint ; is revolute or 0 if joint

where % column vector of [

EQJ{BJSP(H)+ (1 BJ) [G]S(rm} 12)

7 1s prismatic, 3, equals 1 if joint ; is independent
or 0 if joint ; is dependent, and the Kronecker
delta 8%, equals | if j=p(n) or 0 if j=p(n),
and 8[ 7] 5. denote s (j) * row and »* column
element of the first order internal KIC matrix
[G], which is equal to dgs.;/0¢, as shown in
Eg. (4). Note that the summation in Eq. (12)
should be interpreted as being performed down-
ward, starting from link £, along the kinematic
tree until the inertially fixed link O is reached.
Notice that Eq. (2) defines the power conserv-
ing transformation associated with the rotational

motion of link £. Its dual form may be given as
= GF] 7w, (13)
where ¢, denotes the generalized force (or

effort) vector related with pseudo-coordinate w,.

222 The first order KIC for translational
motion

Translational velocity of a point fixed in a

body can be expressed in a matrix form. For

example, the velocity of the center of mass of k%
body is given by

=[Gt 4 (14)

where the %% column of [ G/ R*¥, the first

order (external) translational KIC matrice as-
sociated with the the point of interest, 1s given by

[GE)a= [ (1) (8:6ken

++5) [G:]5<j)n}z,-+ ai{ BiShm
+ (1= 8) [Glsinzix (Pe— R ]

(15)
where R, denote the position vector of the origin
of the local coordinate frame fixed in link £ w. r.
t. a reference coordinate frame fixed in link O.
Equation~ (14) also defines the power conserv-
ing transformation for the translational motion of
link % and its dual relation is

Te=" [ Gﬂ TTP;, (16)

where 75, denotes the generalized force (or effort)
vector associated with the position vector P,.

2.3 The second order kinematics

In the bond graph modeling of general inter-
connected multibody system, the information on
the time rate of change of moduli of various
modulated transformers are required in the proc-
ess of constructing state equation of the system.
Theoretically, required results may be obtained
either by direct symbolic differentiation of moduli
of modulated transformers found previously, or
by using vector algebra. Here the latter approach
is pursued for the sake of systmatic evaluation of
them (Cho, 1994).

To find d/df ([ G#]) in a proper form, notice
that

N

d (rar )=
E[([GT}J[)“Z

va

—([GH]) (17)
where in view of Eq. (12)
S0ALGH) =55 Salbdhn
+ (1480 [Glswnlz ] (18)

= Sl Bidhim+ (1= B) [ som 25

Z} a: (1~ 5)a¢ ([ ]‘(i)n)zi (19)
with
Dz S0 (Bioit (1 2) [ @ siom 2%
Obm iOm J)leJ Zis

(20)

where the mapping 7 ( - ), which operates on the
set of link indices p and fully characterizes the
interconnection structure of links in a kinematic
tree, is called connection map (Huston and Pas-
serello, 1979), and
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d
OPm

where {H}san indicates the s(7)* plane, »*

([Gjé'(z')n):{ﬁ}é(i)zzm (2])

row, and ™ column element of the tensor | [}
defined in Eq. (8). Now, the " column vector of
d/dt ([ G¥}) may be expressed as

L | =T 6 (22)

where [{Hf}, & R*¥Y is the n" plane of the
tensor { H#le RY*™¥ called the second order
rotational KIC tensor. The ;% column vector of
nt" plane of the tensor { H£}, denoted by { HZ} .
is constructed by the linear combination of

vectors as

(HS am == ([ G 23
[H?}ﬂm 8¢771([Gr]") ( )
kT(d) . i =~
;,Zo,§> C?z'a(f{giaﬁ(mJF (-3 L(I};‘um}
{BiShim+ (=57 G Vsehml 25X 2

R ~
- Zwa', (1— /31) {H}g‘(z’)nmzz. (24)

Finally, ¢/dt (F G#]) < R¥Y may be expressed
in column-wise form as

(GEI=[ B8 (65
[{H M~ WJ (23)

It can be proceeded similarly to find ¢/t

(LGl
| dqam]| =1

where the second order transtational KIC tensor

in the following form.

Ml d (26)

{HF}e RN is formed by collecting vectors as
shown in Cho (1994). Hence, J/dt([G#)) =
R*Y may be expressed in column-wise form as

[GF :[[{H/*}l_}gs' CUHM g
[ 1’*},\v]¢J- (27)

3. Hamiltonian Bond Graph

3.1 Basic structure with pure interial
elements
The basic structure for Hamiltonian bond

graph may be constructed from pure inertial inter-

(1G]] P
MTF——=1:m

[GL] ,
MTF > 1 :[T]

1 .
[ ]
¢ /(r;] -
~ MTF —LL > [ mr
G s, .
MTF L= 7|1} ]

Fig. 2 Bond graph of interconnected inertial system.

connected multibody system. Resulting
Hamiltonian bond graph structure serves as the
backbone of the bond graph approach developed
here.

Figure 2 shows the conventional bond graph of
interconnected multibody system, where only the
inertial elements are included and other elements,
e. g.. compliance, resistor. and gravity, etc., will
be considered later. In the Fig. pf and p%for k=
W denote translational (or linear) and rotational
(or angular) momentum vectors, respectively, of
k™ body with finite mass contents, m® [I*]
stands for mass moment of inertia of body 7 w. r.
t. the inertial coordiante frame., and the super-
script W denotes the total number of bodies with
finite mass contents. Note that modulated trans-
formers (MTF)
vector of Lagrangian coordinate ¥, 1.

are modulated by the signal
e., the
generalized coordinate ¢ and dependent coordi-
nate q.

Although not shown explicitly in Fig. 2, it is
well known that generally not all inertial ele-
ments are independent in the sense of causality. If,
by starting from an inertial element, the integral
causalities are assigned in the conventional sense
and propagated, the dependent inertial elements
appear by coupling through the |-junction with
common flow ¢. In this process of assigning
causalities, the moduli of modulated transformers
must be taken into consideration. This is because
at given configuration of the system, some of the
moduli determined by the signal vectors ¢ and ¢
may cause difficulty in expressing the states of
dependent inertial elements in terms of indepen-
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dent ones.

A novel way of getting around this difficulty
s to formulate in terms of the equivalent (or
effective)
¢. This approach. which naturally teads to the
Hamiltonian bond graph, is attempted here. ¢,
< RV be the effort vector coming into the |
-junction of ¢ from inertial elements through
MTEF’s. Then. by noting in Fig. 2 that pf and p?
for ez W are the efforts signal related with iner-
tial elements, it i1s easy to see that

er= 3 UGH P

fee W

HLGH Y (28)

where the summation is performed over the set of

body indices W. Note that | G}] and [ ¥ are
(12) and (13), respec-
tively. To find the equivalent inertial ﬁeld. rewrite

Eq. (238))

found previously as in Eq.

- B G P LGP |
he W
-z ‘/f;'p:w' !'pt] (29)

ke
where | /] and [ Gf] are given by Eq. (25)
and (27).
ized momentum vector pe& R

respectively. Let’s define the general-

of the system as

p= 2 CGFl ' pt+ 1 GE pD (30)
Now. noting that
pi=m'[ G/ ¢ (30
and
pi= (1T GE . (32)

the generalized momentum vector p may be re-
written as

p=| SO GETIGE GG |$ O3
[ I*] é (34)
where
the system defined by

[I*]= Z (" GFITTGHA
[]"j LG (3%)

G

L/l

In terms of [[*]. the kinetic energy KK and
kinetic coenergy K/* of an inertial system can be

expressed as

inertiul field seen from [-junction of

[T RYY is the inertial field matrix of

KE=3p'(I*]"'p (36)

and

/\’1«:*::—% S [I*)é (37)

Note that the kinetic energy K[, which is the
integral of flow with respect to generalized
coenergy KE*
detined by the integral of generalized momentum

momentum. and the kinetic
with respect to flow are related by Legendre
transformation.
Substituting Egs. (31}
and using Eq.

and {32) into Eq. (29)
(34) lead successively to the fol-

lowing relations.

-p ’ Zw{m"i ST GEI A GET
fe€ 2

G |4 38)
| Dl 6T
SO (39
pee | LGR T 'p (40)

where the matrix | GR1< RV forms the gyris-

tor field (Allen 1979) and is defined as

[7 (;'R] :.-f[ /ZH {”]hl G.’Ia'j ]1 Gﬂ + LGvylﬂ T,
ey @)

Notice that elements of the gyristor matrix [ GR]
are the function of ¢, ¢. and ¢ (or the generalized
momentum pj.
Notice that Eq. (40) is, in fact. the Hamilton’s
equation derived using bond graph. In view of
(40) it may be observed that the total effect of
the inertial elements of an interconnected
multibody system can be effectively modeled by
using the equivalent inertial field matrix | J¥*]
defined w. r. t. the generalized flow vector ¢ and
"GR] as shown in the Fig.
3. Bused on the development so far a general
multibody

a gyristor field matrix

interconnected system can be re-
presented in the Hamiltonian bond graph as in
Fig. 4 with natural causality assigned. In Fig. 4.

() represents the generalized effort vector caused
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7]

/|

1 —"~1<

[GR]

) )

Fig. 3 Equivalent inertial field model.

by both conservative and nonconservative force
field as will be shown successively. Hence, the
state equation of the system can be written as

p=—[GR($.q,p)][I*($.¢)]'p+Q (42)
¢=[I"(¢.q)] 'p (43)
¢=[G(, ]1[I*($,a)] 'p. (44)

Notice that the Eq. (44) is obtained from Eq. (3)
where [G(é, )] is given by Eq. (5) for
holonomic case and should be included in the
state equation in order to update the dependent
coordinates ¢ in time.

To show that the same result can be obtained
directly from Hamilton’s equation, define the
Lagrangian 7, and, by Legendre’s transformation,
the Hamiltonian [ of the system as

L=y (1] ¢ (43)
H=5p"[1*]7p (40)

Then, the Hamilton’s equation gives

p=—2+0 )

where Q& RY denotes the generalized effort
vector including conservative forces and

= {5é1rm$) 49)

In evaluating Eq. (49), many different schemes
may be employed. One scheme defined below in
Eq. (54), probably the simplest for the hand
evaluation, yields

(34 4)=74OPI0F  0)

=[GR] ¢ (51)
=[GRI[I*]"'p (52)

Cho

U

[GR]

Fig. 4 Bond graph Representation of general
multibody system.

where another form of gyristor field matrix [ GR]
e RY*¥ 15 produced in row vector form as

[ 7H{P*)] ]
TP
[GR]= (53)
LgT[{P*]n]
with the three dimensional tensor [P*|<
RNX¥NxN peing defined as
(P ((T%).). (54)

It should be pointed out that, although as
mentioned previously other forms of gyristor field
matrix are possible depending on the method of
evaluation of Eq. (49)), the net dynamic effects of
the resulting gyristor are always the same. In
other words, they produce the same effort vector
in response to the input flow vector ¢. In fact, it
can be proved that although the gyristor obtained
through direct bond graph manipulation as in Eq.
(41) and the gyristor in Eq. (53) obtained from
direct application of Hamilton’s equation are
generally different in their elements, the efforts
they produce in response to flow ¢ are the same,
I e,

[GR]$=[GR] ¢ (55)

3.2 Modeling of compliance element
In Fig. 5 typical translational and rotational
compliance elements are shown, in which K,
denotes the translational or rotational stiffness of
the ;% linear spring, P&’ and P2 indicate position
vectors of two ends of the spring represented w. r.
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Fig. 5 Typical compliance element.

t. inertially fixed coordinate, and @} and @% are
assumed to represent angular displacements of
two links to which ;% rotational spring is
attached. Let gfe= R* be the relative displacement
vector of the ;™ spring defined by

) & Pt translational
P AT (56)
@i — @ : rotational
=q'ng (57)
where ¢{ is the magnitude of g, i. e., | g and the

unit vector pie& R? is defined by

n.=qé/ qé- (58)
Let the constant g2 be the free translational or
rotational displacement of the ;” spring. Then,
the generalized effort vector from compliance

elements. coming into the I-junction of ¢, denot-
ed by e RY, may be found as

ec=— F K[ G dai (59)
where the net displacement vector dgie R? of the
;* spring is defined by

dqbé=(gt—q&) n¢ (60)
and the matrix [ G¢] & R®Y of the required trans-

former, whose elements are in general the func-
tions of ¢ and g, may be found by

Léarz%‘i 61)
(P~ PE)[d¢=05(P¢~ P') /3¢ : trans-
lational
(O —0L)/dp=0d(w¥—wl)/dé
rotational.

(62)

Notice that gP#/5¢ for j=1.
lational KIC of the end points of the /% spring,
which can be expressed in the same form as in Eq.
(15) and Je#/d¢ for j=1, 2 are the rotational

2, are the trans-

KIC, also expressible in the form of Eq. (12), of
the links to which each end point of ;¢ rotational
spring is attached. Now noting also that [ G¢may
also be expressed in column-wise form as

A [ 3yt Lone . dqé one .
[GC_.'7|:]6nL+ C78¢ a§b C+([( (/)Z :
ggi*n(+ & g(%} (63)

and the fact that the scalar product of two vectors,
ont/d¢p, and ni, vanishes for j=1, .-, N. the

expression in Eq. (59) may be rewritten as

K
ec=~ 2K G gt (64)

where the new modulus matrix [ GE & RPN is

defined as

(GO Mo Yt M| (69)
:@ggg (66)

by eliminating dni/d¢, component in columns of
the matrix [ G¢].

Notice that although Egs. (59) and (64) pro-
vides the same information about the effort vector
due to compliance elements in the system and can
be substituted into @ in Eq. (42).
time varying quantity in Eqs. (59) and (64) may

In fact every

generally be expressed as a function of ¢ and ¢,
which are the states of the system as in Egs. (43)
and (44). For example, Eq. (64) may be written
with explicit functional dependencies indicated as

ec =~ 2K|GH$. @ daiB @) (6T)

Another view of linear compliance elements
with nonlinear geometry may be given by observ-
ing their local behavior around a given system
configuration defined by ¢ and ¢q. Let [K (g,
q) | RY*Y be the local stiffness reflected at |
~junction of ¢ at given ¢ and g¢. Then,

K= %% (6%)
[ Breark 59+ 5K ad
g

—|gKi6a60] | 2K (dad

=
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i -
where the three dimensional tensor {9 G¢]/d¢tE
RY*3V is defined by

{M;] 9
imn

38w = o (G (7

O
and can also be expressed by using the second
order KIC tensors. Equation (70) shows that
[ K consists of two matrices. The first stiffness
matrix is usually called the equivalent stiffness
matrix reflected through the transformer with
modulus [ G¢]. and the second is caused by the
spring forces at given configuration, 1. e., preload-
ing forces, and nonlinear geometry involved in
transformers. The latter stiffness effect can be
called an antagonistic stiffness because it may
exist in any redundantly actuated system, i. e.. the
system with larger number of independent effort
sources than its kinematic degrees of freedom.

5.3 Modeling of resistive element

Linear translational and rotational resistance
elements are shown in Fig. 6, in which R, denotes
translational or rotational damping coefficient.
Let ex= R" be the effort vector coming into 1
~junction of ¢ Then,

eﬁié{Gé] TRZ(GIQ ¢ (72)

where R is the total number of resistance elements

in the system and [ Gf] is the modulus matrix of

the transformer between the /* resistance element
and the |-junction of ¢, which can be easily
determined by using the first order KIC matrices
similar to the case of compliance elements. In
terms of the equivalent resistance field matrix, Eq.
(72) may be rewritten as

ex=[R]¢ (73)
where the equivalent resistance field matrix [R

(¢.q) = RY™Y is defined as
B R PR .
[R(g, q),]:]gl[el-[ ][ Gh. (74)
5.4 Modeling of gravitational effort source

elements
To complete the modeling of an interconnected

Fig. 6 Typical resistive element.

multibody system, the gravitational forces must be
included. Let the effort vector reflected to the |
-junction of ¢ due to gravity be e;. Then. e

may be expressed as

e;— Z]l 1 ( Grf] ng (75)
where _ G/]e& R* is the modulus matrix of the
[ inertial  element, which can be found by

exactly the same way as in  Eq. (15), and g,&
R? is the gravitational acceleration vector of the
7" inertial element expressed w. r. t. the inertial

coordinate frame.
6. Conclusion

In this paper. a systematic procedure for model-
ing of general interconnected multibody dynamic
system was developed in bond graph environ-
ments. The final state equation is given in Egs.
(42) through (44). In Eq. (42), the total general-
ized effort vector () is determined as

Q=" +ectepte (76)
where the efforts vectors e., e and e, are
defined respectively in Eq. (59) (or (64), (72),
and (75), and the vector Q*= R denotes the
reflected effort
sources which might exist in the system.

equivalent effort from other

Several features of the proposed approach are
listed as follows: First, the formulation started
from the bond graph structure proposed by
Rosenberg (1972).

dard as in Karnopp et al. (1990). This structure

which seems to be the stan-

has a distinct advantage of systematically visualiz-
ing interconnection structure of inertial elements
through generalized coordinates in a compact
format. Second. although the structure of the final
bond graph can be given by an extremely simple
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Hamiltonian form similar to the one given in
Allen (1979) and Bos and Tiernego (1985). the
details of the energetic structure of the system can
be shown whenever necessary. Third. all modulat-
ed transformers and their time rate of changes are
found by pure vector (matrix) operations. This
implies the readiness for computer simulation of
the resulting bond graph.
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Appendix

Algebraic definitions of the operators 4 and (+)
are provided as follows: Given a matrix [4]&
R* " and tensor { B}z RF*™77, new tensor { C}E
Rrememis formed by o+ operations as

{C)i=[A]+{B} amn
= 21A)uB), 78)

Basically, + operation makes each plane of
tensor | B] uniformly scaled by the low element
of [A] and then summed. Note that {B}+:[ 4}, is
not defined.

The operation (=) is the extension of usual
matrix multiplication rule to three dimensional
tensor. Typical examples are as follows. A three
dimensional quadratic operation is defined for a
vector Hp< ™ and the three dimensional tensor
{B}= R**"™ " to yield another vector g& R* as

a=b"(O{B}Ob (79)
bT{B>l b

—| b"{B}. b ). (80)
b'{B), b

Multiplication of a matrix [4j¢& R™™ and a
tensor { BYe& R** ™! yields a tensor { C}e R**7"
{C)=[A]O{B} (81)
[ANB}: (82)

and { B} R**"™™" as

{C)i={BIO[A] (83)
{B}:[4] (84)

I

where { '} becomes £ X 5 [ tensor. No (+) opera-
tion is defined on any pair of three dimensional
tensors.
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